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1 Introduction 



In this paper we continue the analysis of higher derivative contributions to the Dp- 
brane action involving one R-R potential and two NS-NS fields. We will present the 
complete four-derivative action involving a R-R potential of degree p — 3, and two 
Bns fields. To do this we will compute world-sheet amplitudes with disc topology and 
insertions of closed and open string vertex operators. 

In ref. we obtained part of the interactions. First we required that the Dp-brane 
action should be compatible with T-duality (see for example [21 [Sj H]), which means 
that the dimensional reduction of a Dp-brane should be related by T-duality to the 
double dimensional reduction of a D(p-|- l)-brane. We used this requirement to predict 
some four-derivative terms in the Dp-brane Lagrangian. T-duality, however, does not 
determine the Lagrangian uniquely since it can only be used in spaces with an isometry. 
We verified the predictions from T-duality by computing scattering amplitudes for some 
choices of polarization. The predicted terms in the Lagrangian could easily be obtained 
from string amplitudes since in the field theory limit only contact interactions on the 
brane contributed to these particular terms. The interactions predicted by T-duality 
and the results obtained from the string theory amplitude in the limit of small momenta 
did agree. However, the couplings were very special. In general, a string amplitude 
with some vertex operator insertions can degenerate into many possible field theory 
diagrams. Most of these diagrams are "background noise", by which we mean field 
theory diagrams which are constructed from known vertices either in space-time or on 
the brane, and which need to be subtracted to isolate the field theory diagrams which 
involve the new interactions. In general, this is a cumbersome procedure. In this paper 
we have applied it to obtain the four-derivative terms in the Dp-brane effective action 
involving C^~^^ and two B^s fields. 



2 Overview and summary of results 

We start by summarizing our findings and will describe the details of our computations 
in the main part of the paper. We wish to obtain the Dp-brane action involving one 
R-R potential C^^~^'' and two Bj^fs fields. To do this we will compute the tree level 
string theory amplitude involving the vertex operators of one R-R potential C'-P'^^ and 
two Bns fields in the background of a Dj9-brane. The world-sheet has the topology of 
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a disc with insertions. Schematically the amplitude is represented in fig. (1). 




Figure 1: String amplitude with closed string vertex operators in a Dp-brane background. 

Since the string amplitudes are invariant under the parity transformation described 
in section 5.2 of ref. |E] it is easy to see that string amplitudes involving C^p~^^ are 
only non- vanishing if the two NS-NS fields are both gravitons (or dilatons) or both -Bats' 
fields. This translates into the same statement for the Dp-brane effective action to all 
orders in a'. This also generalizes to arbitrary R-R potentials in the following way. 
Amplitudes involving (7(p-i+2fc) for k odd are non- zero only if the two NS-NS fields have 
the same polarization, which means both are symmetric or both are antisymmetric. 
If k is even the two NS-NS fields are required to have opposite polarizations. If k = 
— 1, which is the case considered here, the three-point amplitudes of and two 

gravitons and the corresponding terms in the brane effective action have been found 
in refs. [HllZlElElIinillllliailH]. We will consider the case in which the NS-NS fields 
have generic anti-symmetric polarizations. We will compute the string amplitudes and 
extract from them the Dp-brane effective action to fourth order in derivatives. 

We will obtain the string amplitudes in closed form only in an expansion in a' 
since only in this limit can we obtain closed expressions for the complex integrals 
involved. These results are sufficient to extract the four-derivative contributions to 
the Dp-brane effective action. To obtain the effective action a careful comparison with 
field theory amplitudes has to be performed. For small momenta the string amplitude 
degenerates into six field theory diagrams displayed in fig. (2). Diagram (2.f) represents 
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(2.a) (2.b) (2.C) 




{2.d) {2.e) (2.f) 



Figure 2: Field theory diagrams arising from the string amphtude in fig. (1) in the hmit of 
small momenta. The dashed lines represent B]^s fields, the wavy lines gauge fields on the 
Dp-brane and the solid lines are R-R fields of degree specified by the labels. 

the interaction of one R-R field and two NS-NS fields through a contact term on the 
brane. We wish to obtain this contact term to fourth order in derivatives. This encodes 
the corresponding term in the Dp-brane effective action. We will expand the string 
theory amplitude to quadratic order in a' (fourth order in momenta) and subtract the 
result for diagrams (2.a)-(2.e). This should give us the desired contact term. To leading 
order in a' the diagrams (2.a)-(2.e) are, of course, known. However, these diagrams 
themselves receive a' corrections arising from the corrections to contact terms on the 
Dp-brane world- volume. Specifically 3 contact terms receive corrections to order a'^. 
These are displayed in fig. (3). These a'^ corrections are obtained by computing three 
amplitudes. One two-point function involving a R-R potential C^^~^^ and one Bj^is field, 
a three-point amplitude involving 2 gauge fields on the brane and one R-R potential 
C^^~^^ and another three-point function involving one gauge field on the brane, a R- 
R potential C^^~^^ and an -Bats' field. We obtain the a' corrected contact terms by 
expanding to fourth order in momenta. From here we extract the a' corrected result 
for diagrams (2.b), (2.d) and (2.e) (we will show below that diagrams (2. a) and (2.c) 
do not receive corrections at order a'^). 
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(3.a) (3.b) (3.C) 

Figure 3: Contact terms which are corrected to order a'^. 

The effective action is, of course, not unique. There are many effective actions 
which give rise to the same scattering amphtudes. This ambiguity is related to the 
freedom in the choice of fields arising from field redefinitions. Up to field redefinitions 
the Wess-Zumino part of the Dp-brane effective action involving a R-R potential C^p~^\ 
four-derivatives and two B^s fields is 

i: = £(°) + £(^), (2.1) 

where 

T 

r{0) _ P ai-ar,+i 5 f> fjipS) (n n\ 

2^T{p 2) -"aia2-"a3a4'-"a5-ap+i l^-^J 



and 



T Jq f 1 1 



+ Wl^'Ba^a.^Ba-iC + 2^^" B a^a^^ bB a^c + V^B ^^"W cB a^a-j) F^^^. 



-2) 



a^bi 
1 



■'^p+i r(p - 1) 



(2.3) 



Here B = Bns + 2a' F, F is the f/(l) gauge field, F^") = + H A is the 

R-R field strength and H = dB^s- Throughout the paper we will use the convention 
that letters from the beginning of the Roman alphabet (a, 6, etc.) indicate directions 
along the brane, while letters from the middle of the alphabet (i, j, etc.) indicate 
transverse directions. Greek letters (/i, z/, etc.) run over all ten coordinates of the bulk 
space-time. Moreover, e is the volume form on the brane, Tp the string tension and /q 
a constant. 
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The action (2.3) is the main result of this paper. In the next section we will 
explain in detail the computation of the string amplitudes, their expansion in powers 
of momenta and how to extract the Dp-brane effective action. 



3 The details 

In this section we will describe the computation of the different string scattering am- 
plitudes. We start by presenting a formal definition of the n-point function and by 
proving that amplitudes will be independent of the distribution of superghost charge 
as long as the total amount is —2, a property which will come very handy in concrete 
computations. 



3.1 General properties of string disc amplitudes 



Generalizing the construction of the two-point function described in ref. |5] we define 
the n-point function on the disc by 



X ( 6o + 6o 



|«;|>max(l/|2,|) 



b). (3.1) 



Here we have introduced integrated vertex operators U {z, z) which are related to phys- 
ical state operators V{z, z) by 



U{z,z) = h,,[h^^,V{z,z)] 



(3.2) 



Saying that V{z^ z) is physical means that it is BRST-closed, has total left- plus right- 
ghost charge two, and has conformal weight zero on both the left and the right. The 



second line of (3.1) contains a boundary state [HI [15] and a propagator which expands 
it out until it hits the first insertion point (see fig. (4)). 

If we pull the factor w~^'^w~^^ to the left of the correlator, we can rewrite this 
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expression as 



/ 



|'!«|>max(l/|2i|) 




V^^\wZi,WZi)V^'^\wZ2, WZ2) 




\y2\>i ml \ 



l[U^''\wzk,wzk)] (bo + bo) B 



|(v«(oO,Oo)0^)(l/2,y2) 




(3.3) 



In the second step we have taken advantage of the fact that the amphtude should be 
independent of zi to send zi to infinity, and then we have made changes of coordinate, 
yk = wzk. 



Figure 4: This figure illustrates a three-point function on the disc. A boundary state is 
created at one point on the sphere, in this case the south pole and transported using a 
propagator to the location of the first insertion, in this case z^. 

It is easy to check that (up to total derivatives) U{z, z) is BRST closed if V{z, z) is 
and if V{z^ z) is BRST exact so is U{z,z) (again, up to total derivatives). These total 
derivatives give rise to boundary terms which vanish for an entire range of momenta and 
therefore analytic continuation guarantees that the boundary terms vanish everywhere. 
Therefore as long as the V{z, z) vertex operators are BRST closed, BRST trivial states 
will decouple from n-point functions. 

Note that the picture changing operator Xq does not commute with h_i. Rather, 




[Xo,6_i] = -2e-i, 



(3.4) 
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and therefore the independence of the n-point functions of the distribution of picture 
charge requires a careful treatment. The simplest way to show the picture independence 
of n-point functions is to check that [Xq, U{z, z)] is zero up to BRST trivial pieces and 
total derivatives, which in turn vanish using analytic continuation. Indeed, as can be 
easily verified 



Since the picture changing operator Xq commutes with the two types of vertex op- 
erators, integrated and non-integrated ones, ra-point functions will be independent of 
the distribution of picture charge. This is a very useful property since it is a way of 
checking our results. The string amplitudes we will compute are not manifestly picture 
independent and different contributions have to combine in a non-trivial way to give 
rise to a picture independent result. 

3.2 Amplitudes involving closed string vertex operators 
3.2.1 One R-R field and one Bns field 

The two-point of one R-R field and one Bns field has been computed before. The 
original references are [TTf fTE\ [TU| [20] or using the notation and conventions of 
this paper in ref. [5]. We will label any disc string amplitude by A and any field 
theory amplitude by A with indices specifying the vertex operator insertions. In a 
form convenient for our purposes the 2-point function of and -Bns is 




w)U{z, -z)}-2^-(<f ^{b-„aw)V{z, -z)}) 
oz \J 2mw J 



(3.5) 



AcB 




'2{p2De)ap{p2)a, 
{P1+P2Y 

P2DP2 -Pl-P2 

{pi+P2y 



) 



e, 



(3.6) 
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We have introduced the matrix D'^^^ which is diagonal with entries +1 in the directions 
along the brane and —1 in the directions normal to the brane. On-shell this agrees with 
the result quoted in ref. [S] as can be easily verified. Here (...) denotes the binomial 
coefficient, and fi represents a space-time index that is summed over both tangent and 
normal directions. 

3.2.2 One R-R field and two Bns fields 

The disc amplitude in fig. 1 is 

AcBB = {vif^'''-^''\pi)Vi^'''\^2.P2)Vr\e,,P,)\B). (3.7) 

We will take the R-R vertex operator in the (—1/2,-1/2) picture. As a result the 
Bns fields have to be in different superghost pictures which we take to be (0, 0) and 
(—1,0). So the amplitude is not manifestly invariant under the interchange of the 
two polarization tensors. But since the amplitudes are picture independent the result 
should be symmetric which will be a non-trivial check of our results. 

We will separate the amplitude into various pieces according to their index structure 
and use the notation 

5 

AcBB = y^^AcBB- (3-8) 

i=l 

In the following we will quote our results for Aq^^^ 

1) (^2 • p)(e3 • p) and (e2 • 63) terms 

The sum of the terms proportional to either (e2 ■p){^3 -p) or (e2 • £3) for arbitrary 
polarization tensors €2 and €3 is 



^CBB =^ (^^"■■■'^^'^ (^^)- (P3)a.Ct.i) 



{P2Pz){^2Dt-i] 



0304 



- {P2DP3){(^2^3) + {P2Dt2)a3{P3Dt-i)aj3 ' {P2Dt2) a,{P2Dt^) ajl 
+ {P3Dt2)a3{P2 ■ e3)aj% - {P2Dt2)a3{P2 " 63)04^6 - {P2Dt2)a,{PlN ^^)aji 

- iP3De2)a3iPlNe3)aj5 + ip3 " ^2) a-^Pl^ ^^s) ajd + {PlN €2) a^PlN e^i) ajw 

+ (2^3), 

(3.9) 
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Here J„ are integrals whose definition and whose approximate values in the region 
of small momenta can be found in the appendix A. Moreover 

A^M- = \ - D^,) , (3.10) 

and by (2 <H- 3) we mean the same expression but interchanging p2 pa and 
£2 -H- £3. 

2) {p ■ e-p) (e) term 



The sum of terms of index structure {p ■ e ■ p){e) is 



A, 



(2) : 

CBB 4y^(p — 2)!"" \y'ijai\y-6;a2\^'^ja3a4^a5--ap+i 

+ {p2De3Npi)h - (P2 • e3iVpi)/9 + (psCsi^Pz) (4 - 2/o 



{p2e3Dp3)Ie + {p2De^Dp^)I'^ 

+ (2^3), 

(3.11) 



where /; = 4(P2 ^Ps)- 
3) (e • p) (e) terms 

There are two terms with the above quoted index structure, one with all indices 
of C^^"^) along the brane and another one in which one of the indices is transverse 
to the brane. The first one is given by 
i 1 



A, 



^e"^^^{p2)aAe2)a,asCtt 



(3) 

CBB gy/2(p — 2)!'' \y^Jai\^-2ja2a3^a5-ap+i 

- {P2Dp3){p2De3)aJl + 2(P2-DP3)(P2 ' e3)a4-^0 " 2(p2 ' P3){P2De3)aJo 

- (P2-Dp3)(p2 • e3)a4-^8 + {P2 ' Ps) (P2-De3)„ + '^{P2Dp3){p3De3)aJj 

+ 2{p2-ps)ip3De3)aX - iPsDp3)ip2 ' £3)^,!'^ " (ps^Ps) (P2i^e3)a4^7 

- 2(P2 • P3){piNe3)aj9 + 2{p2Dp3){piNe3)aj5 

i 1 



+ 



re"--^''+nP2)a,(63)a3a4GS:.l 



(P2 •P3)(P3 • £2)02/2 



8v^ (p — 2)!" V/'^/"iv-o/a3a4--a5-ap+i 

- {P2Dp3){p3De2)aJl + 2(P2-DP3)(P3 " ^2)a2lo " 2(p2 ' P3) (P3-De2)a2/o 

- (P3-DP3)(Pl^e2)a2/i - (P3-DP3)(P3 " e2)a2/6 " (P3/^P3) (P3-De2)a2/7 

+ (P2 •P3)(P3-De2)a2/8 " (P2-DP3)(P3 " e2)a2/8 + 2(p3-Dp3) (p2-De2)a2/3 

+ (2^3). 

(3.12) 
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This result is manifestly symmetric under the interchange of the two B^s fields; 
to write it this way we have made use of certain relations between the /„ which 
follow from the definitions and expansions in the appendix. 

4) (e2)(e3) terms 



Terms with the above index structure are 



A. 



1 111 

_^ai---ap+i ' 



(4) 

CBB 4^ 

- {P2Dp2){p3Dps)l3 



4(p-2)! 

1 P-3 



+ 



0304 



X 



4(p — 2)! 

'^{P3)a5P2{P2Dp3)h + 2(p3)a5P2(P2 ■P3)/9 " {P2)a5P\{pzDp:i)r^ 

+ '^{P2)a5P\{p2Dp^)h - 2(p2)a5P3(P2 •P3)-^9 " {Pi)a^Pl{P2Dp2)h 

(p-3)(p-4) (j,_3) ( \ ( \ ijT \ 
{p - 2)! ^»W-ap+i l^2jo3a4 lesjagae IP2J01 iPS J 02^3^2-' 10 ? , 



where we have again used certain relations among the /„ to write A^cbb ^ 
which is manifestly symmetric under exchange of the two NS-NS fields. 



(3.13) 



5) other C, 



ia6---ap+i 



terms 



For the case that one of the indices of the R-R potential is transverse to the brane 
the amplitude contribution is 



i p — 3 



e^^-''P+^Cian+, (P2)ai (P3)a2(e2)a3a4 



P3(P2 • e3)a5^9 



4^2(^-2)! 

- Pl{P2De^)aJ-> - '^p\{piNe^)aJw+p\{p2 ■ e^)aj9 + p\{p2De^)aJ-, 



+ Pi(P3De3)aj4 



+ (2 o 3) . 



(3.14) 



12 



3.3 Amplitudes involving closed string vertex operators and 
gauge fields 

3.3.1 One R-R field and two gauge fields 

Let the string amplitude for a Dp-brane absorbing one R-R field and emitting two open 
string gauge fields be 

AcAA = {V^-''^^-'''Kpi)V-\p2X2)V''{p,Xz)\B), (3.15) 
where following ref . [12] , the open string vertex operators are 

V-\P2X2) = (C2)a / rfxe-Ve'^^^-^(a:) 

\ (3.16) 
V'{P3, Cs) = (C3)a J dxidX'^ - 2zp3 " ^^")e2*P-^ (x) . 

Here the momenta are constrained to be parallel to the brane and therefore P2-P3 = P2P3 
and the vertex operators are integrated over the world-sheet boundary (a circle). The 
result for this amphtude is 



A, 



I ^ J- mno-^ non y^. « 



CAA I I C ^ aia2^ aaaA'^ a^—a-n+i 

^2p2-p3 



1+ ^(P2-P3)' 



(3.17) 



ai---ap+i p p /^(p-3) I 



Here 



Fab = iPaCb - iPbCa, (3. 18) 

is the field strength for the gauge field with polarization (a- 
3.3.2 One R-R field, one B^s field and one gauge field 

Let the disc amplitude with insertions of one R-R vertex operator, one B^s field, and 
one open string vertex operators be 

AcAB = {V^~'/'^-'/'\p,)V-\p2,()V^'''\p3,e)\B). (3.19) 
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The result is 

i 1 

A ai---ap+i^ 



Pl-P3 3 



- eaia2(P3)a3(P2)a4(P3 " C) f " ^ " ^3 

27r2 

+ i^ai 02(^3) 04(^2 ■ e)a3^(P2 -^3) 

- Fa,a2{P3)aAP3De)a, + ^ + 7^ 

\P3Dps 3 psDps 2pi ■ P3 

+ ^ai 02(^3) 04(^1 ■ e)a3— ^ 

Pi -^3 

- i^aia2ea3a4 7T<5 + T <5 + ^(^2-^3) 

?■ 1 O 

|t 0102^0304 l,F3Ja5f3'-'ia6---ap+i ; 



29/2 (jj _ - 0102^0304 V/^.iya5/'3^«a6-ap+l^^ _ ; 



(3.20) 



and 



Q^lv.-n+ " = 1 _ . p3)(p3Bp3) + . . . . (3.21) 

\ Pl-p-i J o 

3.4 Derivative corrections to field theory vertices localized on 
the Dj9-brane. 

The string amphtudes encode all field theory vertices. In this section we describe how 
to obtain the effective Lagrangian on the Dp-brane world-volume from the expansion 
about small momenta of the string theory amplitudes. 

3.4.1 C^P-^\ B contact term 

Next we will start with the 2-point function of a R-R potential (7''^"^) and an NS-NS 
B field and use it to derive four-derivative corrections to the D-brane action which are 
quadratic in the fields. In the field theory approximation the string amplitude gives rise 
to 3 diagrams displayed in fig. (5). In this section we will obtain the four-derivative 



correction to the vertex in fig. (5.c) by expanding eqn. (3.6) in powers of a'. The 
leading term is the field theory result which we need to substract. 

Note that the amplitudes (5. a) and (5.b) do not receive corrections to order a'^ 
which is the order we are interested in. This allows us to directly obtain the a'^ 
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{p-1) 



p+1 



p-1 




(5.a) 



(5.b) 



(5.C) 



Figure 5: Field theory diagrams arising in the small momentum limit of a string scattering 
amplitude involving C^^"^) and an B^s held in a Dp-brane background. 



corrections to the vertex in fig. (5.c). The field theory result for figures (5. a) and (5.b) 
can be rewritten a^ 



(a) 
^BC 



I /-<(p-l) 
~ ^ai---ap_i 



1 - 



P2DP2 
{P1+P2) 



2 j "^apOp+i 



8^apbiPl)ap+iPl ^ 4:^apiiPl) ap+ iP{ 



{.P1+P2Y 



{.P1+P2) 



and 



T{p)p2Dp2 



^ai---ap+i^{p-l) 



ai---ap-i^bapPlap+iPl 



(3.22) 



(3.23) 



Here and in the following we will label the field theory amplitudes by A with indices 
specifying the fields involved. 

After subtracting the result for diagrams (5. a) and (5.b) we obtain the result for 
the diagram (5.c), which can be derived from the following effective action 



L,CB - ^CB + ^CB^ 



(3.24) 



^In ref. [5] we derived all relevant field theory diagrams in our conventions. We refer the reader to 
ref. [S] for more details. 
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with 



T 

^(0) _ -Lp ai-gp+io 



^(4) _ _^^Jo_ ai-ap+i 



(3.25) 

to order a'^. This effective action encodes the correction to the vertex in fig. (3. a). It 
can be checked that this result agrees with [20] up to terms which vanish on-shell. 

The above effective action is obtained from on-shell amplitudes. As such it is 
ambiguous. We will describe some ambiguities with concrete examples. Consider the 
one-point function of a R-R vertex operator in a Dp-brane background, which is exact 
in the derivative expansion. From here we conclude that the D-brane action involving 
one R-R field, S^p ~ J Cp+i can only receive corrections which vanish on-shell. This 
means that we could have added an interaction of the form 

SAop-^a J d^d^Cp+i, (3.26) 

for example, without changing the 1-point function since this expression vanishes on- 
shell and string amplitudes involve on-shell vertex operators. However, if the effective 
Dp-brane action gets such a contribution, in principle higher point functions could be 
modified since for general tree diagrams, a propagator connecting a R-R field to the 
brane will involve off-shell momenta. So for example, diagram (5. a) changes by 

6AP^-{p,+p,fAff^. (3.27) 



The factor {pi + P2Y on the right hand side of eqn. (3.27) cancels all such factors in 
the denominator of A[^^. When extracting the result for the vertex in fig. (5.c) we will 
then obtain an expression which is also shifted and which is very easy to work out (we 
do not need the details here). That the correction to the one-point function vanishes 
on-shell guarantees that this shift is a contact term representable as a contribution 
to the vertex in fig. (5.c). However, by construction 5A[^g + 5A[^;^ = 0, and as a 
result any shift in (5A^^ will be compensated by a shift in (5A[^^ in such a way that 
the two-point function of i?NS-NS and C^^~^^ is left unchanged. We conclude that any 



corrections to the one-point function of a R-R field of the form (3.26) do not change 
the one nor two-point functions of on-shell states. 
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3.4.2 A, A contact term. 

For small momenta the amplitude Acaa can be obtained from the following effective 
action 

/•,,,,- ^p(^'^')^ ^ai-ay+i ( p w i^v"^F F \ r^-^'^ 28^1 

again up to terms that vanish on-shell. The subleading term has been obtained before 
in ref. [21], [22] • This effective action includes the corrections to the vertex in fig. 
(3.b). 

Note that we have left an explicit factor of (2a') in for each factor of Fab-, while in 
most of the paper we have set a' = 2. Our main purpose for this is simply book-keeping; 
it serves as a reminder that we should not count the derivative used in constructing F 
in our derivative expansion. In other words, we treat the combination 2a' F as having 
weight zero, consistent with the fact that we will be using it to build the gauge invariant 
objects Bab = Bab + 2a'Fab- 

3.4.3 A, B contact term. 

In the field theory limit the string amplitude Acab gives rise to the diagrams repre- 
sented in fig. (6). The amplitudes for the diagrams (6. a) and (6.b) are 




(6.a) (6.b) (6.C) 

Figure 6: Field theory diagrams arising in the small momentum limit of a string scattering 
amplitude involving C^P"^^ a gauge field and an B]\fs field. 



^CAB 



25/2 (p_3)! 



-Fa,aMDe)aAP^)a,C^I-l 



OS-'-Op+l 



1 + 



(3.29) 
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and 



ib) 

^CAB 



2V2 (p _ 3) 



Pi - Pa 



{P3)ai{P3De)a3 + -P'aiaa (^3)04 (Pl " e)a3 



+P2 •P3eaia2(P3) 03(04 " ^ai 02 (P3 ) 03 (P2 ) 04 (P3 " C) " |P3-Dp3 

29/2 (p - 4)!pi -pa aia2'^a3a4l/^3;aB^3'-^ia6-Op+i 
?' 1 

I ^ar-'dp+i p p /^(p-3) 

2^/2 (^p _ 3jl aia2to304*-^a5-ap+i- 



/^(p-3) 



(3.30) 



After subtracting the field theory amphtudes A^^^^ and A^^^ (figs. (6. a) and (6.b)) 
from the string amphtude in the hmit of small momenta, we obtain the field theory 
amphtude A^^^^ (fig. (6.c)), which can be obtained from the following action 



'"CAB — '"CAB "T '"CAB^ 



(3.31) 



where 



AO) 

*^CAB 



T 



22r(p - 2) 



(3.32) 



'-'CAB 



AV\Ba,a,^\{2a'F) 



0304 



23r(p - 2) 

+2V'^i/„,„,,V^(2a'F)„3„, - {2V\H,,,,, - V\H,,a,b) V\2a'F) 



0304 



-l^'\Ha,a,as{2a'F),a, - ^V\Ha,a,as^\2a' F) 



n(p-3) 

<l5'"ap+l 



+ [2V«,i/„,„,„(2a'F)„3„, - V\i/„,„,,(2a'F)„3„J V'Cg-g 



<l5'"Op+l 



(3.33) 



This effective action encodes the corrections to the vertex in fig. (3.c). At this moment 
we have obtained all vertices including a'^ corrections if present, of the vertices involved 
in the diagrams (2.a)-(2.e). For all field theory vertices except the ones represented in 
fig. (3), the corresponding string amplitudes do not receive higher derivative corrections 
(the low momentum expressions are exact). As a result, these other vertices can only 
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possibly be modified by corrections which vanish when the incoming particles are on- 
shell. The effect of such modifications (which can be thought of as the leading piece 
of something proportional to one of the lower order equations of motion) can always 
be undone by making further modifications to higher-point vertices (so that the full 
equation of motion appears) as in the discussion in section 3.4.1 As such, we can 
choose to simply leave the vertices uncorrected to begin with. 



3.4.4 C(P-3\ B, B contact term. 

Using the above resuhs it is possible to compute the field theory result for the diagrams 
(2. a) - (2.e). While figs. (2. a) and (2.c) do not receive corrections to order a'^, the 
diagrams in figs. (2.b), (2.d) and (2.e) do receive corrections arising from the corrections 
to the vertices described in the previous section. It is straightforward but lengthy 
to compute the field theory result for (2.a)-(2.e) and we will omit the details here. 
The field theory result for diagram (2.f) is then obtained by taking the string theory 
amplitude, expanding about small momenta to order a'^ and subtracting the result for 
diagrams (2.a)-(2.e). The field theory result for the diagram in fig. (2.f) is lengthy and 
we will not present it here since it is only used as an intermediate step to obtain the 
effective Dp-brane action which we discuss in detail in the next section. 



4 New four-derivative D^^-brane couplings 

Given the result for the field theory diagram in fig. (2.f ) we can now extract the effective 
action involving one R-R potential C^^"^-* and two -Bats fields to order a'^. Since the 
results are cumbersome we will perform all checks possible given the limited set of 
four-derivative couplings we know. We will require the new couplings to be invariant 
under R-R and NS-NS gauge transformations. Moreover, we will require the Dp-brane 
action to be compatible with T-duality. 

4.1 Gauge transformations 
4.1.1 B]^s field gauge transformations 

The field theory result for diagram (2.f) can be obtained from the following effective 
action 

CCBB = ^CBB + ^CBBj (4-1) 
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where 



and 



^CBB 2^T{p — 2) -"1112 -"0304 '-'as-ap+i 



(4.2) 



C 



(4) 

CBB 



T 



-^0 ai- 



2^T{p - 2) 7r2 



1 2 2 

— 2V''ifaia2aV^ifa3a4b + 2 V"-?/aia26 V^a-Ba3a4 " 2 V"bifaia2a V''-Ba3a4 



0304 



V a-n 01021-00304 ) ^ 



^ ^ TJ^IJ \7^TJ —T7^°- TJ R ^ 

* -'^010203 * ^a^arjb * o-'^oi0203-Da4a5 I '-^i 



«06---ap+i 



(4.3) 



The sum of Ccbb, ^cab in eqn. (3.33) and Ccaa in eqn. (3.28) assembles into 
where 

B = B + 2a' F, (4.4) 

z.e. it has the same form as Ccbb except B is replaced by B, which means it is 
manifestly invariant under gauge transformations of the -Bat^ field. The overall factor 
in front of the action was determined using the coefficient of the zero derivative term. 
The Lagrangian C^q^ is, of course, invariant under NS-NS gauge transformations since 
it depends on H = dBjqs only. 



4.1.2 R-R gauge transformations 

Next we consider gauge transformations of the R-R potentials, in particular consider 
the gauge transformations 



(4.5) 



which leave the R-R field strength F = dC^""-^^ + H A C^'^-^\ invariant. 
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It turns out that the Lagrangian Lc + C,cb + ^cbb changes after performing R-R 
gauge transformations by a quantity which vanishes on-shelL Here 



c 



T 

P oi---ap+i/^(p+l) 

r(p + 2) 



(4.6) 



It is possible to use the ambiguity of adding terms which vanish on-shell to obtain an 
effective Lagrangian which is invariant under R-R gauge transformations. The terms 
which need to be added are 



T 



CB 



p J-o 



-2 ^ -'-'01020 V //'^as-Op+i 



22r(p) 7r2 

which leads to the following correction of the CBB coupling 



(4.7) 



AC 



CBB 



-^0 ^ai- 



23r(p - 2) 7r2 



Va TT TT Y7*/^ 



a 



020304 I '-^OS'-Op+l 



~r 2 * -"O1O20V -"030406^i06---Op-|-l 



(4.8) 



4.1.3 The new four-derivative couplings 

The Lagrangian which is invariant under NS-NS and R-R gauge transformations is 



C "t" ^CB ^CBB + ^^CB + ACcBB, 



(4.9) 



where 



^CB + ACcB 



2V{p) 



^oi---ap+i 



R /^(p— 1) I -^0 ( VTO TT Vji/^ip- 

-'3oi02^a3---Op+i "I" 0^2 V o-'^oi02iv ^a3-- 



a-p+i 27r2 



1) 

■Op+1 



010203 '-^ia4---ap+i 



(4.10) 
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and 



^CBB + 



CBB 



T _ _ T 



23r(p-2) 



23r(p- 2) TT 



{p-3) 



2 ~4 ~\ n — 3 

gV aJ^a-ia2az^baA 6-^3-^0,203 v -Daa4 I "--'a5---ap+i g ^ a-naia2a3-°a4a5^f 

-|- I Z, V i.n a^a2aJ-> azai V 0-^01022-^^0304 I V ^a^.-.a^^^ 

(4.11) 

Because of the gauge invariance, the four-derivative part of this action can be 
rewritten in terms of the R-R field strength rather than the potential, giving 



T T 

£(4) ^ fp^gOi-Op+i 
47^2 



1. 



aib -'-'02034 



a\a2 



1- 

2 



Base + 2V '^Baj^a2^bBasc + V ^ Vc-Ba203 

+2Vo^'"^-Ba2fe-Bo3C — V^^^-Baa 03 V^i^bc — ^^^Ba-^bV cBa2a3 



.F(p-2) 

_ 1) o4---op+i 



+ f V'^-f^aioab - ^^bHa^a2 



+ 



1 



(p-2) 



(4.12) 



r(p) ^'^S-'-Op-l-i _ 2) "3"** jo5---ap+i 

Here = dC^~^\ Note that the terms in the third line above all involve the 

combination V^Bbc, which is the leading term in the equation of motion for the gauge 
field and hence can be removed by a field redefinitiorj^ After removing such terms, 
the action (2.3) that remains is the main result of this paper. 



In the section 4.2 we will perform a consistency check of this new action. We will 
check that it is compatible with T-duality at the linearized level. 



^The equation of motion for the gauge fields is given by 



= V^Bb 



(4.13) 



where • • • includes both higher derivative terms as well as terms with the same number of derivatives 
but at least one R-R potential. Thus we can remove the terms in question by a field redefinition, at 
the cost of introducing new terms with two or more R-R fields. 
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4.2 Compatibility with T-duality 

Given the Lagrangian on a Dp-brane world- volume, T-duality will in general mix terms 
with different numbers of fields and the same number of derivatives. Schematically we 
have represented how T-duality acts on the four-derivative terms in the Lagrangian 
in fig. 7. Under T-duality we expect the complete Lagrangian to map to itself. But 
we do not know the entire set of four-derivative couplings yet. In this paper we have 
determined the four-derivative couplings involving C^'^~^\ B and C^^^^^B, B while the 
couplings involving C^^~^^h,h were already known. As illustrated in fig. 7 given the 
couplings we know one consistency check is to apply T-duality along the brane and 
the C^^~^^B, B couplings then map to themselves. In fig. 7 we have used the fact that 
there are no terms in the brane Lagrangian involving one NS-NS field and one R-R 
potential of degree n > p + 5, p < p — 3, or terms involving 2 NS-NS fields and one 
R-R potential of degree n<p — 5 or n>p + 7. 

Lets consider a space-time with a U{1) isometry in a direction labeled by y and a 



brane positioned so that y is parallel to it. The Lagrangian C (in eqn. 2.1) together 
with Cchh which involves the metric h is the Hodge dual with respect to the brane 
coordinates of 

X = C^P-^^ A X(^) + Cl^~^^ A X(^)^ + ViC(P-3) A Y^^^\ (4.14) 

where 

= Qa^^.a^^^dx^'-'^-^ (4.15) 

and the forms X^^\ X^^)^ and Y^^^' can be obtained from the Lagrangian. 

A Dp-brane action is expected to be compatible with T-duality. To check this we 
first drop all derivatives with respect to the coordinate y. Lets label the form which is 
obtained from X after applying T-duality by X'. Compatibility with T-duality then 
translates into 

X = X', (4.16) 

which, as explained above, can only be verified at the linearized level. It is not difficult 
to see that the new couplings do indeed map to themselves under T-duality to leading 
order in the number of fields. 

Lets consider T-duality in a direction transverse to the brane. Even though there 
are no covariant four-derivative interactions involving C^p^^\ B, h, there can be such 
an interaction if one direction is singled out, if for example one direction is an isometry. 
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Such non-covariant terms could be generated by applying T-duality transverse to the 
brane to the interaction involving C**^p~^^ and two NS-NS fields. It is easy to see from 
the form of the Lagrangian that such terms will not be generated. 

Once the entire four-derivative action is known it should be possible to check com- 
patibility with T-duality to all orders in the fields |23j . 



CnBB+hh)0 

A. 

V C'^^'BhO 
. CnBB+hh)0 



Cc"b 



C'^-''(BB+hh)0 



Cc'^"'b 

I 
I 

Cc'^"b 



-(p+3) 



C'^"'(BB+hh)0 
i 

BhO 
CnBB+hh)0 

- C'-'BhO 
C'''^'(BB+hh)0 



Figure 7: This diagram sketches the action of T-duality. Each entry represents the fields 
involved in a certain four-derivative term in the Lagrangian. The solid arrows show the action 
of the T-duality rules to leading order in the number of fields. The dashed lines show the 
first non-linear contributions. The first diagram represents the action of a T-duality along 
the brane and the second transverse to the brane. 



4.3 Comparison with existing literature 



The last term in the first line of (4.11) is the only term that is quadratic in gauge 
fields, and was previously determined in ref. [21] and [22]; we have agreement with 
their results. The next two terms represent the gauge invariant completion of the 
interactions involving C^^'^'' presented in ref. [T], and so this action is consistent with 
that result as well. 



The terms in (4.10) are consistent with [20j up to terms which vanish on-shell 
(specifically, a term proportional to V^Hai^). In [2U [2S], the authors follow a similar 
procedure to the one we have here, but to facilitate the comparison to field theory 
they restrict their analysis to the situation in which {P2P3) = (P2-DP3) = 0. As such 
they miss some terms in which derivatives on each B field contract with each other. 
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including the term quadratic in gauge fields mentioned above. However, for the subset 
of terms which they find, the coefficients agree, up to some signs. 



The results presented in (2.3) are the first time that the complete set of gauge 
completed four-derivative corrections involving (7*^^"^^ and two B fields has appeared 
in the literature, and it is in agreement with all partial results that have appeared 
previously. 



5 Conclusion 

String theory is a theory of quantum gravity as opposed to merely a theory of classical 
gravity. As such it is interesting to compute corrections, either a' or corrections. In 
this paper we have computed contributions to the Dp-brane action of order a'^, which 
compared to the a'^ corrections arising from the low energy effective action of type II 
theories in ten dimensions are dominant. Higher derivative terms in the Lagrangian can 
usually be neglected. The reason they can be relevant in flux backgrounds, for example, 
is that they modify equations of motion and higher derivative contributions can become 
of order 1 if it is integrated over a higher dimensional space. This is known to happen 
for the gravitational C*^^Hr(i?^) couplings on D7-branes in the context of type IIB flux 
compactifications. In [23] we will compute the four-derivative couplings between C^p~^\ 
B]\[Sy and a graviton, and such couplings on D6-branes are expected to play a similar 
role in resolving a puzzle about the consistency of a class of HA flux compactifications 
related to M-theory compactifications on G2 manifolds with flux. It would further be 
interesting to see if the relation between string amplitudes involving closed strings and 
open strings found in ref. [2S] can be used to facilitate the construction of the entire 
four-derivative Dp-brane action. 

It is expected that these corrections will modify the supersymmetry conditions and 
equations of motion of string theory solutions. It would be interesting to work out 
concrete examples to see if the a'^ corrections lead to small modifications or if they 
can actually represent new obstructions to the solvability of the equations of motion. 

We have considered amplitudes in which the topology of the srting world-sheet is 
the disc and insertions of open or closed string vertex operators. In general, the Euler 
characteristic of the world-sheet is determined by the number of boundaries, b, the 
number of cross-caps c and the number of handles h according to the 

^ = 2- b-c-2h. (5.1) 
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We have considered the disc with % = 1. It would be interesting to further extend 
the tools we used to obtain subleading terms in the Qs expansion. The first subleading 
contribution arises from the annulus diagram with x = 0, while diagrams with at least 
one boundary and one handle would have an Euler character x < — 1 and are further 
suppressed. Work in this direction is in progress. 
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A Some Integrals 

In this appendix we will present details about the evaluation of the complex integrals 
used in the main part of the paper. We start defining the integrals 

Ia,b,c,d,eJ = / (f'Z2d?ZiK:iC, (A.l) 

J\Zi\<l 

where 

= \z2\^''\z^f{l - \z2\y{l - \z^\y\z2 - ^3ril - Z2M^^, (A.2) 

and 

K = |^2|'^"^^|^3r^"^^ (1 - \Z2\Y''''"'" (1 - 1^2 - ^3r^"^11 - ;22^3|'^"''^^ 

(A.3) 

Note that K, has the same form as /C but different exponents. In general, a,b, . . . are 
some positive or negative integers. We expect Ia,h,c,d,e,f to be a meromorphic functions 
of Pi ■ Pj and pk ■ Dpi, for any i,j, k, I which we view as several complex variables. The 
above integral defines this function for large enough momenta while in other regions it 
has to be defined using analytic continuation. We are interested in Laurent expansion 
of / close to zero, and in particular in terms of 0{p~'^) and 
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We start introducing polar coordinates Zi = rie^^% i = 2,3. Since the integrant 
depends only on 62 — 0^ one of the integrals can be explicitly performed. Next we 
Taylor expand the integral in r2 and using 



{l-x) 



^ 00 



n=0 



s -\-n — l 
n 



X 



(A.4) 



for I a; |< 1, carefully separating the regions in which r2 < and < r2- The integrals 
over the radial coordinates are then easy to perform and the result is a set of infinite 
sums 

ni=0 



Pi • P2 + 1 + « + ^1 + 'T'S + 'T'S pi • P3 + 1 + 6 + n2 + ns + n5 

Ori.n — 



n3-n4+n5-n6,0 



(A.5) 



p2 + 2 + a + 6 + e + ni + + ^5 + ne 

-P2DP2 - 1 - c + ni\ f-p3Dp3 - 1 - d + n2 
ni J \ n2 

-P2P3 - 1 - e + (-P2P3 - l-e + Ui' 

Us J y 714 

-P2DP3 - 1 - / + ngN f-p2Dp3 -1- f + ne 
715 J y ne 

where the Kronccker delta symbol arises from the integration over 62 — Oo,. 

Next we define the following integrals which are enough to evaluate the three-point 
function 
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(A.6) 



Using (A. 5) it is possible to show that asymptotically in the region of small momenta 
the following expansions hold up to terms quadratic in momenta 
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where we have used the notation 



(A.7) 



= Pi • P2 + Pi • P3 + P2 • P3 



Q3 = [l-yp'(P3i:>P3)], (A.8) 

For most integrals, hke for example Jio, the momentum expansion can be done be- 
fore doing the sums. In this case it is easy to obtain the result since most contributions 
for rZj 7^ are of higher orders in the momentum expansion and the sum localizes at 
Ui = 0. However, some situations require more care like the case e = — 1. In this case 
for small p2 ■ the largest contribution to the sum arises from large n3,n4 and these 
sums have to be done exactly. To evaluate these sums the following results which hold 
for a;, y ~ are useful 

i^r(x)r(y) 




71^ 



y + - 



(A.9) 

The first sum can be done exactly while the result for the next sums is quoted only up 
to terms quadratic in x and y. 
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